The cumulative reaction probability ͑CRP͒ has been calculated for the H 2 ϩOH↔H 2 OϩH in its full dimensionality by using the centrifugal sudden ͑CS͒ approximation for JϾ0. The Boltzmann average of the CRP provides the most accurate thermal rate constant to date for the title reaction on the Walch, Dunning, Schatz, Elgersma ͑WDSE͒ potential energy surface ͑PES͒. It is found that the theoretical rate is larger than the experimental value in the low temperature region ͑a factor of ϳ1.8 at 300 K͒, and smaller than the experimental value for temperatures higher than 500 K, indicating that a more accurate PES is needed to provide a quantitative description of the title reaction. We also demonstrate that the ''J-shifting'' approximation in which we calculate N(JϾK,K) from N(J ϭK,K) by an energy shift works very well for this reaction. However, the ''J-and K-shifting'' approximation ͓calculating N(J,K) from N(Jϭ0,Kϭ0)] overestimates the rate for this reaction by about 60% for all the temperatures investigated. It is also found that the CS rate constant is substantially lower than the rate constant for the ground rovibrational state of the reagents calculated on the same PES, indicating that initial rotational excitation is important to the thermal rate constant for this reaction ͑it causes a decrease͒.
I. INTRODUCTION
Significant progress has been made in the last few years in quantum reactive scattering studies of four-atom reactions in the gas-phase. Starting from reduced dimensionality approaches, 1, 2 it is now possible to carry out full-dimensional quantum calculations for diatom-diatom [3] [4] [5] and atom-triatom 6 reactions due to the development of new theoretical and computational methodologies and the exploitation of increasingly fast computers. Accurate quantum scattering studies have been carried out for a number of important four atom reactions, such as the H 2 ϩOH ↔H 2 OϩH 3, 4, [6] [7] [8] and its isotopically substituted reactions, [9] [10] [11] the HOϩCO reaction, 12 and recently the H 2 ϩCN reaction. 13 Total reaction probabilities, cross sections, rate constants, and even final state resolved reaction probabilities have been reported for these reactions for a few initial states. The cumulative reaction probabilities ͑CRP͒ N(E) for Jϭ0 have also been calculated for the H 2 ϩ OH [14] [15] [16] and H 2 ͑D 2 )ϩCN 17 reactions. These studies provide unprecedented quantitative descriptions of these fouratom reactions.
However, these earlier quantum results are still not sufficient to be used for unambiguous comparisons with experimental observations, or to judge conclusively the quality of the potential energy surface ͑PES͒ used in dynamics calculation. For example, in order to compare with the experimental thermal rate constants, the ''J-and K-shifting'' approximation 18, 19, 1 was invoked earlier to obtain the theoretical rate constants from the CRP for Jϭ0.
14,15 ͑The CRP's for JϾ0 are extremely demanding computationally.͒ The Jshifting and K-shifting approximations are both based on the assumption that the total angular momentum J and its projection on the body-fixed axis K only affect on the reaction probability by an energy shift due to the effective rotational potential at the transition state. 18, 19 These approximations have never been tested for a four-atom reaction. A recent study on triatom systems showed that the variation of K has a stronger effect on the dynamics than the change of J because it affects more strongly the internal motions. 20 Thus we should treat rate constants obtained by using the J-and K-shifting approximation for four-atom reactions with caution. One purpose of this study is to evaluate the adequacy of these approximations.
Some time ago, we developed the transition state wave packet method ͑TSWP͒ 21 to calculate efficiently the cumulative reaction probabilities N(E) at all energies desired from a single propagation of each transition state wave packet forward and backward in time. The N(E)'s so obtained can then be thermally averaged to produce the thermal rate constants at all desired temperatures. This approach differs from the other approaches to calculating either the rate constant [22] [23] [24] [25] [26] or N(E) 27, 14 directly in that we do not have to repeat our time dependent calculations for different energies or temperatures. The great efficiency of the new method for direct reactions, demonstrated on the H 2 ϩOH reaction 16 and recently on the H 2 ͑D 2 )ϩCN reaction, 17 makes it possible to carry out the calculation of the total CRP N(E) summed over all important angular momentum values J for some four atom reactions.
In this paper, we report the first calculation of N(E) for a four-atom reaction summed over J. Specifically, we present the full dimensional quantum calculations of CRP N(E) for the reaction of H 2 ϩOH under the centrifugal sudden ͑CS͒ approximation. 28, 29 We use the WDSE PES 30, 31 modified by Clary. 32 From these N(E)'s one can obtain the thermal rate constants via the Boltzmann average. Although the CS approximation also has not been tested for any fouratom reaction, it has been tested for some atom-diatom reactions, and found to be within 20%-25% of the accurate thermal rate constant. A recent test by Aguado 33 showed the CS approximation works very well for the LiϩHF reaction, while another recent test by Miller and co-workers revealed that it is not very accurate for the ClϩH 2 reaction ͑although they did not show how bad the CS rate constant is compared to their accurate result͒. 26 However, it is generally accepted that the CS approximation is more reliable than the J-and K-shifting approximation for most reactions. Thus we believe that our calculation should provide the most accurate rate constant for this four atom reaction to date as well as a rather unambiguous test for the accuracy of the PES and the validity of J-and K-shifting approximation for this fouratom reaction. This study not only demonstrates our ability to accurately calculate rate constants for four-atom reactions on a given potential energy surface, it is also of practical importance for modeling this very important combustion and atmospheric reaction.
The paper is organized as follows: In Sec. II we outline the theoretical methodology of the TSWP approach to N(E) for the H 2 ϩOH reaction. Section III presents the results of our calculation, including N(E) and rate constants for the title reaction as well as comparisons with the J-shifting and J-and K-shifting approximations. We conclude in Sec. IV.
II. THEORY

A. The TSWP approach to N"E…
The transition state wave packet ͑TSWP͒ approach to the CRP N(E) was derived by Zhang and Light 21 from the wellknown formulation given by Miller and co-workers, 34 
N͑E
where the F i 's are quantum flux operators at dividing surfaces i ͑which may or may not be the same͒
͑2͒
Here is the reduced mass of the system, q is the coordinate perpendicular to the dividing surface located at qϭq 0 which separates products from reactants, and p q is the momentum operator conjugate to the coordinate q. It is well known that in one dimension the flux operator is of rank two with only a Ϯ pair of nonvanishing eigenvalues. The corresponding eigenstates are also complex conjugates, 22, 23, 35 F͉Ϯ͘ϭϮ͉Ϯ͘. ͑3͒
In the TSWP approach we first choose a dividing surface S 1 separating the products from reactants preferably located to minimize the density of internal ͑transition͒ states for the energy region considered. The initial transition state wave packets ͉ i ϩ ͘ (iϭ1,n) are constructed as the direct products of the Hamiltonian eigenstates on S 1 , ͉ i ͘, and flux operator eigenstate ͉ϩ͘ with positive eigenvalue for the coordinate perpendicular to S 1 , i.e.,
The trace in Eq. ͑1͒ then can be efficiently evaluated in terms of ͉ i ϩ ͘ (iϭ1,n). Utilizing the Fourier transform identity between the energy and time domains for ␦(EϪH), we convert the problem into a time-dependent one by propagating ͉ i ϩ ͘ (iϭ1,n) in time as in the initial state selected wave packet approach to get the cumulative reaction probability
͑5͒
The energy-dependent wave functions ͉ i (E)͘ are calculated on the second dividing surface as
B. Application to the H 2 ؉OH reaction
The Hamiltonian for the diatom-diatom system in massscaled Jacobi coordinates can be written as 32, 16 Hϭ 1
where j 1 and j 2 are the rotational angular momenta for H 2 and OH which are coupled to form j 12 . In the body-fixed frame the orbital angular momentum, j 3 , is represented as (JϪ j 12 ) 2 , where J is the total angular momentum. In Eq. ͑7͒, is the mass of the system,
, ͑8͒
with i (iϭ1Ϫ3) being the reduced masses for H 2 , OH, and the system,
The mass-scaled coordinates s i are defined as
where R i (iϭ1Ϫ3) are the bond lengths for H 2 , OH, and the intermolecular distance between the centers of mass of H 2 and OH, respectively. In the body-fixed frame, coupled total angular momentum eigenfunctions Y jK JM ⑀ used to expand the TD wave function, are the eigenfuncton for J, j 1 , j 2 , j 12 , and the parity operator. [36] [37] [38] They are defined as
where
is the Wigner rotation matrix, 40 ⑀ is the parity of the system, K is the projection of total angular momentum on the body-fixed axis, and Y j 1 j 2 j 12 K is the angular momentum eigenfunction of j 12 defined as
and y jm are spherical harmonics. Note in Eq. ͑11͒ the restriction ⑀(Ϫ1) j 1 ϩ j 2 ϩ j 12 ϩJ ϭ1 partitions the whole rotational basis set into even and odd parities only for Kϭ0, thus the basis set for K 0 is larger than that for Kϭ0.
The interaction potential matrix in the angular momentum basis Y jK JM ⑀ is diagonal in K. It is calculated as 36, 37 ͗Y jK
͑13͒
Thus we can see the potential matrix for even parity is identical to that for odd parity for K 0. The centrifugal potential, i.e., the (JϪ j 12 ) 2 term in the Hamiltonian shown in Eq. ͑7͒, which is not diagonal in K in the BF representation, is given by, 36, 37 
and the quantity is defined as
Under the CS approximation, we neglect the coupling between different K in Eq. ͑14͒, and calculate the CRP for individual K separately as
For Kϭ0, the different basis sets for even and odd parity result in different values of N(⑀,J,Kϭ0,E). However, for KϾ0, the rotational basis set, the interaction potential matrix, as well as the centrifugal potential matrix are the same for even and odd parities. As a result, ⑀ϭϮ1 yield the same value of N(⑀,J,K,E) for KϾ0. 
͑19͒
By choosing the dividing surface S 1 at q 1 ϭ0, we can calculate the ''internal'' transition states for the other five degrees of freedom by solving for the eigenstates of the 5D Hamiltonian obtained by setting q 1 ϭ0 in Eq. ͑19͒. After constructing the initial wave packets in (q 1 ,s 2 ,q 3 , 1 , 2 ,) coordinates, we transfer them to the (s 1 ,s 2 ,s 3 , 1 , 2 ,) coordinates, and propagate them as in the regular wave packet approach. The calculation of the bound states in 5D has been presented in detail in Ref. 42 , and the propagation of the 6D wave packet in the diatom-diatom coordinates has been shown in Ref. 3 ; thus we will not present them again here.
III. RESULTS
A. Numerical parameters
The parameters used in the current study are based on those employed in Ref. 16 . We used a total number of 37 sine functions ͑among them 16 for the interaction region͒ for the translational coordinate s 3 in a range of ͓2.8,11.0͔ a 0 . The number of vibrational basis functions used for the reagent OH is 2. A total of 20 vibrational functions are employed for s 1 in the range of ͓0.4,3.8͔ a 0 for the reagents H 2 . For the rotational basis, we used j 1max ϭ14 for H 2 , j 2max ϭ16 for OH. We find that 0рKр9 converges N(E) adequately up to 0.5 eV. The values of s 1 0 , s 2 0 , and which define the transition state surface were carefully chosen to be 3.2 a 0 , 0.6 a 0 , and 33°to minimize the density of states on the dividing surface.
In addition to the separation of even and odd parities as stated in the previous section, the even and odd rotation states of H 2 are also can be separated. In the present study, we calculated the N(E) only for the even rotation of H 2 . Because the rotation barrier for H 2 in the transition state region on the PES is quite high, the H 2 is constrained, requiring a number of rotational basis functions of either symmetry. Thus the N(E) for the odd rotational manifold of H 2 should be very close to that for the even rotation manifold.
For Kϭ0Ϫ3, we propagated the wave packets for 9000 a.u. of time to converge the low energy N(⑀,J,K,E). For the higher K, because the low energy N(⑀,J,KϾ3,E) are negligible compared to the values given by Kϭ0Ϫ3, we can converge the non-negligible N(E) in the higher energy region by propagating the wave packets for only 3600 a.u. Even though the TSWP approach has been proven to be very efficient for calculating N(E) for direct reactions, the computation is still extremely time-consuming even for this simplest four-atom reaction. It used about 4 months of CPU time on a single SGI-R10000 processor! Figure 1 shows the highly converged N(Jϭ0,Kϭ0,E) with parities summed as a function of energy measured with respect to the ground rovibrational state of reactants. It is very interesting to see that the small peak at very low translational energy found in initial state selected total reaction probability calculation by Zhang and Zhang 3 persists quite clearly in N(Jϭ0,Kϭ0,E). This small resonant peak is most likely caused by the unphysical well on the WDSE PES as discussed by Zhang and Zhang. Also shown in Fig. 1 are the CRP results calculated by Manthe et al. 43, 44 and that of our previous study in Ref. 16 . For high energies, all three calculations agree with each other quite well. However, for very low energies our previous CRP in Ref. 16 obviously was not well converged due to shorter propagation time. Our present CRP for Jϭ0 agrees well with that of Manthe et al. except that they did not resolve the small peak presumably because the grid they used in normal mode coordinates did not extend to the unphysical well on the PES. 43, 44 The solid lines in Fig. 2 show the N(J,Kϭ0,E) and N(Jу2,Kϭ2,E) for some values of J. As is seen clearly, the J-dependent curves in Fig. 2 are shifted toward higher energy roughly as a quadratic function of J, implying the Jshifting approximation should work here. We also found that the higher J curves for each K, Kϭ0Ϫ9 can be well approximated by J-shifting from the N(JϭK,Kϭ0Ϫ9) curve, as shown by the solid circles. The J-shifting values are obtained as
B. The CRP N"E…
where ⌬E(J,K)ϭB † (J(Jϩ1)ϪK(Kϩ1)). The rotational constant B † of 3.2 cm Ϫ1 used for a best fit is very close to the a priori value of 3.3 cm Ϫ1 , obtained from 1/(2 3 R ‡ 2 ), where 3 is the reduced mass for the system in Eq. ͑9͒ and R ‡ is the intermolecular distance at the saddle point. From  Fig. 2 we can see the J-shifting approximation is very good for this reaction, and as we will see later J-shifting also works well for N(E) and the rate constant. We note that a recent initial state selected wave packet study on the H 2 ϩCN reaction also found that the J-shifting approximation works very well for that reaction. 13 One should note that we have used the calculated N(J ϭK,K) (Kϭ0,9) to carry out the J-shifting to obtain the N (JϾK,K) . However, the approximation used fre- 
FIG. 2. ͑a͒
Cumulative reaction probability N(J,Kϭ0,E) ͑summed over parities͒ as a function of energy for Jϭ0, 5, 10, 14, 18, 21, 24 . Solid lines ͑CS result͒, solid circles ͑J-shift result͒; ͑b͒ cumulative reaction probability N(⑀ϭ1,J,Kϭ2,E) as a function of energy for Jϭ2, 7, 12, 16, 20, 23 . Solid lines ͑CS result͒, solid circles ͑J-shift result͒.
quently to evaluate the thermal rate constant from N(J ϭ0,Kϭ0) actually involves both a K-shifting and J-shifting approximation.
18,1, 43 We refer to it here as J-and K-shifting approximation 1 to distinguish the J-shifting approximation procedure we use here. For this reaction we cannot fit N(J ϭK,KϾ0) curves in terms of N(Jϭ0,Kϭ0) curves by a simple energy shift. In Fig. 3 , we show the N(JϭK,K) curves for Kϭ0Ϫ9. First we found that we cannot fit the KϾ0 curves from the Kϭ0 as well as we did for the Jshifting. Even worse is the fact that we cannot fit the shifts roughly as any quadratic function of K. Thus it is clear that for this reaction, the J-shifting approximation works quite well, while the K-shifting approximation is not very accurate.
This can be understood from the Hamiltonian in Eq. ͑7͒ and the angular momentum basis set shown in Eq. ͑11͒. Under the CS approximation, the variation of J only changes the value of the effective potential term [J(Jϩ1)ϩ j 12 ( j 12 ϩ1)Ϫ2K 2 ͔ in Hamiltonian. However, the main effect of the variation of K is not in the ͓J(Jϩ1)ϩ j 12 ( j 12 ϩ1)Ϫ2K
2 ͔ term, but in changes of the angular momentum basis set due to the restriction j 12 уK in Eq. ͑11͒. Hence the effect of K on the dynamics is much harder to predict than a simple effective potential shift, and can be much stronger than the J effect. 20 In Fig. 4, we show N(Kϭ0,E) and N(⑀ϭ1,Kϭ1 Ϫ9,E) ͓N(⑀ϭ1,KϾ0,E)ϭN(⑀ϭϪ1,KϾ0,E) under the CS approximation͔. For KϾ3, we did not try to converge N(⑀ ϭ1,KϾ3,E) if it is less than 0.01. We can see very clearly the shift of N(⑀ϭ1,K,E) curves as K increases. The small peak shown in Fig. 1 can still be seen for the first few K. Figure 5 shows the N(E) summed over all K and parities. It is a very smooth curve, with a small shoulder at E ϭ0.05 eV. Also shown in Fig. 5 is the N(E) obtained by J-shifting which is very close to the CS N(E). This again indicates the J-shifting approximation is good for this reaction.
C. The rate constant
Once one obtains the CRP as a function of energy, N(E), the thermal rate constant is then simply given by its Boltzmann average
where Q r (T) is the reactant partition function ͑per unit volume͒. From N(E) shown in Fig. 5 , we can evaluate the thermal rate constants via Eq. ͑21͒. Figure 6 and Table I show the main results of this work: the rate constants for the title reaction for the temperature range 300 K ϽTϽ800 K on the WDSE PES under the CS approximation. Also shown in Fig.  6 and Table I are the rate constant calculated from the Jshifting N(E) shown in Fig. 5 . For high temperatures, the agreement between the CS result and the J-shifting result is essentially perfect; for Tϭ800 K, the difference is 2%. For low temperatures, the error is slightly larger, for Tϭ300 K the J-shifting result is smaller than the CS result by 10%. Tuning of the B ‡ constant for the shifting should make the agreement even better.
In Fig. 6 and Table I , we also show the rate constants calculated from N(Jϭ0,E) ͑shown in Fig. 1͒ by using the Jand K-shifting approximation, 18, 43 where Q rot ‡ is the rotational partition function for the H 2 OH complex and can be well approximated by the classical expression,
where I A ‡ , I B ‡ , and I C ‡ are the three principle moments of inertia for the H 2 OH complex in the transition state geometry ͑On the WDSE PES, I A ‡ ϭ4079 a.u., I B ‡ ϭ37520 a.u., I C ‡ ϭ41599 a.u.͒. Since one only uses N(Jϭ0,Kϭ0,E) to calculate the rate constant, one has to make shifts for J ͑J-shifting͒ as well as for K ͑K-shifting͒ to get the CRP for all the K and J. As we can see from Fig. 6 that the J-and K-shifting rate constants have the same trend as the CS result, but are consistently larger than the accurate rates by a factor of 1.6 for all the temperatures considered here. As we have mentioned in the Introduction, the CS approximation is within around 20%-25% of the accurate thermal rate constant for some atom-diatom reactions, and we would expect it is within this accuracy for this diatom-diatom reaction. Thus the J-and K-shifting approximation overestimates the rate constant by at least 40% for the entire temperature region. Also the comparison among the CS result, the Jshifting result, and the J-and K-shifting result shows very clearly that the K-shifting approximation causes the major part of the discrepancy between the J-and K-shifting rate constant and the CS rate constant, since the J-shifting result is in very good agreement with the CS result. Let us now compare our CS rate constants with experimental values. 45 In Fig. 7 , we can see the trend of rates of our calculation is rather different from that of experiment. For low temperatures the theoretical rates are higher than the experimental values. For Tϭ300 K, the theoretical rate is higher than the experimental rate by 80%. However, the increase of theoretical rate constant with temperature is significantly slower than that for experiment. As a result, for temperatures higher than 500 K, the theoretical rate constant is lower than the experimental one. We believe that the CS approximation cannot introduce such a large error in rate constant. Thus the discrepancy between theory and experiment is probably due to inaccuracies in the potential energy surface. An improvement of this surface appears to be necessary in order to obtain a quantitative description of the reaction.
Finally we compare our accurate rate constants with other theoretical results. Because the cumulative reaction probabilities for Jϭ0 by Manthe, Seideman, and Miller, 43, 44 by Wang and Bowman, 46 and by Pogrebnya, Echave, and Clary 47 are quite close to the present CRP for Jϭ0, their rate constants obtained by the J-and K-shifting approximation should be close to the present J-and K-shifting results. Thus for the OH electronic partition function, while Zhang and Zhang simply used 2. As can be seen from the figure, the k ground is quite substantially larger than the current CS rate constant, by 30% at Tϭ300 K and 60% at Tϭ800 K. Because the CS approximation is used in both calculations, we tend to believe the difference comes mainly from the fact that the k ground does not include the effects of rotations of reagents on the rate constant. The significant difference between the CS rate constant and k ground indicates that initial rotational excitation is quite important to the thermal rate constant. Finally, we see that the rigid bender approximation ͑RBA͒ result of Clary 32 lies below our calculated results at low temperatures but is above at higher temperatures. The better agreement between the experiment and RBA is likely to be fortuitous as discussed by Manthe et al. 44 
IV. CONCLUSIONS
The CRP N(E) for the prototypical four-atom reaction H 2 ϩOH has been calculated on the WDSE surface using only the CS approximation. The calculation, with all J summed, is much more computationally demanding than that for N(E) (Jϭ0), and once again demonstrates that the TSWP approach developed by Zhang and Light allows for very efficient calculations of the CRP for direct reactions with barriers in the transition state region. The rate constant for the title reaction is then calculated from the N(E). Comparison shows significant differences between the present rate constant and the experimental results, indicating the PES should be improved in order to obtain a truly quantitative description of the reaction.
Our calculation also show that the J-shifting approximation in which we approximate the N(JϾK,K) by shifting N(JϭK,K) works very well for this reaction. On the other hand, the J-and K-shifting approximation in which we calculate the rate constant solely from N(E) (Jϭ0) significantly overestimates the rate constant, indicating the Kshifting approximation is not good for this reaction. More tests on other reactions are highly desirable to verify if this is a general result for four-atom reactions. However, even if only the J-shifting approximation is good, it still can reduce the computational time by a factor of 5-10.
It is found that the full CS rate constant is quite significantly smaller than the rate constant calculated for ground state reagents only. This implies that initial rotational excitation of reagents is important to the thermal rate constant, and that overall it reduces the thermal rate constant for this reaction.
Since the CS approximation has been never tested for any four-atom reaction, future study will need to address the question of how accurate the CS approximation is for this four-atom reaction. The CS approximation has also been applied frequently in the initial state selected wave packet approach to calculate the total cross section and rate constant for some initial states. Thus it will be extremely important to carry out such a test.
